We study Banach spaces of harmonic functions on open sets of R N endowed with weighted supremum norms. We investigate the harmonic associated weight defined naturally as the analogue of the holomorphic associated weight introduced by Biersted, Bonet, and Taskinen and we show that they are not equal in general. We study composition operators with holomorphic symbol between weighted Banach spaces of pluriharmonic functions characterizing the continuity, the compactness and the essential norm of composition operators among these spaces in terms of associated weights.
Introduction
Weighted Banach spaces of holomorphic functions with weighted supremum norms and composition operators between them have been studied by Bierstedt, Bonet, Contreras, Domański, Galbis, García, Hernández-Díaz, Lindström, Maestre, Rueda, Sevilla-Peris and Taskinen and others, see [2, 5, 6, 7, 13, 14, 15] and the references therein.
Spaces of harmonic functions have been investigated by Shields and Williams [27] , in connection with the growth of the harmonic conjugate of a function. In [26] , they proved results of duality for weighted spaces of harmonic functions on the open unit disk. Lusky also considers weighted spaces of harmonic functions in [19, 20] , where the isomorphism classes in the case of radial weights on the disk are determined.
1
In [9, 10, 11] Boyd and Rueda investigate in the geometry of h v 0 (G) where G is an open set of the complex plane, examining topics such as the harmonic and holomorphic v−boundary and v−peak points.
Our aim here is to study conditions making possible to extend some of the known facts in weighted spaces of holomorphic functions to weighted spaces of harmonic functions. First, in the next section, we introduce the harmonic associated weightṽ h in these spaces in a natural way extending the work on the corresponding spaces of holomorphic functions due to Bierstedt, Bonet and Taskinen in [3, 1. A]. This is a very important tool for the study of these spaces. It is better linked to the space than the original weight, for example it has been used to study the most important properties between composition operators between weighted Banach spaces of holomorphic functions with holomorphic symbol. We extend most of the results in that paper to the harmonic case, and we check that in general the holomorphic and the harmonic associated weight are different. We give also some conditions under which they coincide. In section 3, the composition operators are analyzed on weighted spaces of pluriharmonic functions, which is the convenient context to consider the composition operator with holomorphic symbols. We characterize the norm and the essential norm for some important weights, extending results from [5, 22] to these spaces.
2 Harmonic associated weights.
Our notation for locally convex spaces and complex and functional analysis is standard. We refer the reader to [16, 17, 18, 21, 24, 25] .
Let G be an open and connected set of R N (or in C N ). We denote by h(G) the space of complex valued harmonic functions on G. If G ⊂ C N we denote by H(G) the space of holomorphic functions on G. We have the inclusion H(G) ⊆ h(G). We denote by ∥ · ∥ the euclidian norm in R N or in C N and | · | the modulus of a real or a complex number. Some times we make an abuse of notation and | · | denotes an arbitrary norm in R N or in C N and the modulus in R or C. A weight on G is a function v : G → R which is strictly positive and continuous. Every weight has associated a function w called growth condition defined by w := 1 v . For a weight v the weighted Banach spaces of holomorphic functions with weight v are defined by:
We say that a function g : G → C vanishes at infinity on G if for each ε > 0 there exists a compact set K ⊂ G such that |g(z)| < ε for each z ∈ G \ K. If G ⊆ C N , the corresponding spaces of holomorphic functions H v (G) and H v 0 (G) have been deeply studied as we mentioned in the introduction. The unit balls in these spaces are denoted by b v , b v 0 , B v and B v 0 . The balls B v and b v are compact if we endow them with the compact open topology τ 0 .
We say that two weights v 1 , v 2 : G → R are equivalent if there exist two positive constants C and D such that
An open and connected set (domain)
for all z ∈ G and for all |λ| = 1. It is called unitary for a norm | · | if there exists a positive continuous function g :
. We say that v is unitary when it is unitary for the euclidian norm ∥ · ∥.
Let v be a weight on G and let w = 1/v be its related growth condition. By w h , : G → R we denote the function
denotes the compact open topology). This function is called the evaluation at z and it is linear and continuous. The compactness of the unit ball b v in (h(G), τ 0 ) implies that the supremum in the definition is a maximum. Since the norm topology on h v (G) is stronger than the one induced by τ 0 , we have that the restriction δ z : h v (G) → C is also linear and continuous. We denote by h v (G) ′ the topological dual space of h v (G). From the very definition we have w h (z) = ∥δ z ∥ hv(G) ′ . In case G ⊆ C N the holomorphic associated weight is denoted by v H and its corresponding associated growth condition by w H .
We present below a list of properties satisfied by the the growth conditions w, w 1 and w 2 and the weight v defined on G, extending the well known results in the holomorphic case to to the harmonic case.
Let f ∈ h(G). Then |f | ≤ w ⇔ |f | ≤ w h . This yields that h v (G) and
h v h (G) are isometric.
For each
3. w h is continuous and subharmonic,
10. If G is balanced (G is a ball or G = R N ) then w h is radial (unitary) whenever w is.
11. If w h is unitary in a ball B (or the whole space) for a norm | · | then w h is non increasing.
12. If G bounded and v is bounded or G = R n and v(z) tends to zero when ∥z∥ tends to infinity then h v (G) ̸ = 0, and then v h is bounded.
13. If G is the unit ball for a norm | · | of R n or G = R n , v is unitary for
If v is unitary with respect to the euclidian norm we also have lim ∥z∥→∞ v h (z) = 0.
The first 9 properties are extensions to the harmonic case of [3, 1.A]. We do not give the proofs because they are completely analogous. All these properties can be stated in terms of the weights instead of the growth conditions. In particular, 9 will be used during the rest of the paper mainly in
Let prove 10. For each orthogonal transformation T we have that f • T is harmonic (cf. [1, Chapter 1] ). Moreover, since v is unitary, we have v(x)|f (T (x))| = v(T (x))|f (T (x))| and from this it follows that composition of functions in h v (G) with orthogonal transformations gives an isometry in
is an orthogonal transformation. This contradicts f (r, 0, . . . , 0) = w h (r, 0, . . . , 0).
To see 11 we consider a weight v on a ball B with respect to a norm | · | which is unitary. Let 0 < r 1 < r 2 and z 1 ∈ B with |z 1 | = r 1 . We take f 0 ∈ b v such that |f 0 (z 1 )| = w h (z 1 ). For the maximum modulus principle for harmonic functions [1, 1.8] 
Since w h is unitary with respect to | · | we conclude. The proof obviously works for the holomorphic case, and it seems that this property 11, despite it is quite obvious, is not written in any paper so far. Properties 10 and 11 together mean that if v is a unitary weight in the unit ball B (or B is the whole space) of (C N , | · |), then v h is unitary and non increasing.
The last two properties are extensions of [8, Ob.1]. In both cases in 12
We see 13 seeking a contradiction, we suppose that v is not bounded. We consider v(x) = g(|x|). Then, it exists a strictly increasing sequence (r n ) n of positive numbers such that (g (r n )) n → ∞, r n → 1 when G is the unit ball for | · |, and r n → ∞ when
and furthermore, the sequence (M (r n )) n is increasing by the maximum modulus principle of harmonic functions [1, 1.8]. Hence,
, for all n ∈ N.
Taking limit when n tends to ∞ we get a contradiction since u ̸ = 0. If G = R N and we assume that there exists c and r n → ∞ such that v(r n ) > c, then we obtain that, for each f ∈ b v and |z| = r n we have |f (z)| ≤ 1/c. Applying again the Maximum Modulus Principle for harmonic functions we get a contradiction with Liouville Theorem for harmonic functions [1, 2.1]. The corresponding statements for v h when v = g(∥x∥) follow from the equality h v (G) = hṽ h (G) and the fact that v h is unitary (property 10 above).
To state the following result, we remark that if G is the unit ball of R n (or G = R N ) and v is a unitary weight then Property 10 proved above implies the existence of a positive function g such that v h (x) = g(∥x∥).
Proof. We only give the proof for G being the unit ball. Let n ≥ 2, 0 < r < 1. Denote r n = (r, 0 . . . , 0) ∈ R n , and let f in the unit ball of h vn (G n ) such that 1/g n (r) = f (r n ). Such an f exists because property 2 above. Consider
Our aim is to connect this harmonic associated weight with the holomorphic one. First we observe that property 9 above is valid for the holomorphic case in the ball (or the whole space) with respect to any norm in C N . Further, Bonet proved in [12, Proposition 2] that, for unitary weights, the corresponding associated weight does not depend neither on the norm nor on the dimension. We state this result below as we need it, the original result is written in terms of entire functions on Banach spaces. Proposition 2.2 (Bonet) . Let g be a positive functions defined on positive numbers. If we consider a norm | · | in C n and a weight v = g(|z|) for
The argument given there does not work for the harmonic case since f : C n → C being harmonic does not imply that λ → f (λz) (λ ∈ C) is harmonic. We look now for conditions which ensure that 
As a clear consequence we have that for a radial
and we define v n (z) = g(|z|) for z in the unit ball B n of (C n , | · |), | · | being a norm in C n , Proposition 2.2 implies that there is g not depending neither on n nor on | · | such that ( v n ) H (z) = g(|z|). This implies the equivalence 6 between v n and ( v n ) H for each n ∈ N. The order relation v n ≤ ( v n ) h ≤ ( v n ) H between the associated weights implies that v n and ( v n ) h are also equivalent. It seems remarkable that we do not know if ( v n ) h is unitary with respect to an arbitrary norm | · | if it is not the euclidian.
Although we do not know if for unitary weights in the unit disc the associated and the harmonic weights are equivalent, we have a negative answer for the equivalence of associated weights in the disc with non radial weights. This example is inspired by [3, Proposition 3.6] Example 2.4. We define the function g :
g(e it )dt. By [24, Theorem 11.7] , w is harmonic in D. Furthermore, w is positive since Re
Therefore, the corresponding associated weights v H , v h are not equivalent.
We can also obtain an analogous example with a radial weight considering the punctured disc.
− log|z| , and the corresponding growth condition w :
|z| , for all z ∈ G, and then ze f (z) ≤ 1, for all z ∈ G. This implies that ze f (z) can be holomorphically extended to a function g on D with g(z) ̸ = 0 if z ̸ = 0. Hence there exists k ∈ N 0 such thatĝ(z) := g(z) z k is holomorphic on D and satisfiesĝ(0) ̸ = 0. Now log |ĝ| is a harmonic function that can be extended continuously to ∂D as 0. This yields that log |ĝ| is identically null and consequently |e f (z) | = |z| k−1 for each z ∈ D \ {0}. The unique k ∈ N 0 which does not give contradiction is k = 1. Thus f has to be constantly 0 because of the behaviour when going to the boundary. This means w H ≡ 0.
The following result is inspired in the results of [10, Section 6]. Here, besides putting the more general context, we remove from the weight the condition of being twice differentiable. 
and this means f 0 ∈ H v (D) and ∥f 0 ∥ v = 1. weights v = g(∥z∥) defined on the euclidian unit ball of C n which satisfy that w = w H . We write below some of them for which we have w = g(|z|) with log 1 g convex and | · | being any norm in C n .
Composition operators
Let G ⊆ C N be an open and connected subset. A function f : G → C of class C 2 is said to be pluriharmonic (see for instance [18, 2.2] ) if for every complex line l = {a + bλ} the function λ → f (a + bλ) is harmonic on the set G l ≡ {λ ∈ C : a + bλ ∈ Ω}. This condition is equivalent to:
Let ph(G) denote the set of pluriharmonic functions on G. In this case we have the inclusions H(G) ⊂ ph(G) ⊂ h(G) [1, 16, 18] . If v is a weight on G then we can consider the corresponding weighted Banach space ph v (G), which has a compact unit ball b p v for the compact open topology. We consider also the natural definition for the pluriharmonic associated weight v ph . The inclusions
These pluriharmonic associated weights share all the properties of the corresponding holomorphic associated weights. Even the argument of Proposition 2.2, which is not valid for the harmonic case, works for the pluriharmonic associated weight.
If G 1 and G 2 are open and connected subsets in C N and C M and φ : G 2 → G 1 is a holomorphic function then we can consider the composition operator 
is a continuous and linear map.
Proposition 3.1.
Let v and w be weights on G 1 and G 2 respectively. The following conditions are equivalent for the composition operator C φ :
Proof. The arguments are a simple adaptation of those used in [8] for spaces of holomorphic functions. (a) and (b) are equivalent because of the Closed Graph Theorem. We assume that (a) holds. If (c) does not hold then there exists a sequence (z n ) n ⊆ G 2 such that w(zn) v ph (φ(zn)) tends to ∞. For each n ∈ N we take f n ∈ b p v such that f n (φ(z n )) = 1 v ph (φ(zn)) . This implies that, for all n ∈ N,
To estimate the norm of C φ when it is es continuous we proceed in a similar way as in [5] in the holomorphic case, obtaining a slight improvement. From the above argument we have that ∥C φ ∥ ≤ sup z∈G
, when ∥ · ∥ denotes both the operator norm and the dual norm.
For essential weights, i.e. those for which v ∼ v H , the continuity in the weighted space of holomorphic functions is equivalent to the continuity in the space of pluriharmonic functions For weights on the unit ball of C N endowed with an arbitrary norm | · |, defined by v(x) = g(|x|) with g :]0, 1[→ R + being continuous and non increasing this happens when t → log(1/g)(e t ) is convex by [5] and Proposition 2.1.
Given E and F normed spaces, and A : E → F a continuous linear map, the essential norm of A is defined by ∥A∥ e = inf{∥A − K∥ : K is compact }. It is clear from the definition that A is compact if and only if ∥A∥ e = 0. Our purpose in the rest of the section is to extend the results in [5, 22] and calculate the essential norm of the composition operator between spaces of pluriharmonic functions.
We present below a generalization of [22, Proposition 2.1] to a wider context. We remark that in the statement C N could be replaced by R N , but we have preferred to restrict to the complex variables case because our natural examples of spaces of functions satisfying the hypothesis are the spaces of pluriharmonic and holomorphic functions.
Proposition 3.2. Let G be a balanced and connected open subset of C N and let v be a weight on G which vanishes at infinity and such that there exists
Then there exists a sequence of operators (T n ) on (h(G), τ 0 ) such that T n :
is compact for each n ∈ N and the following conditions are fulfilled:
(i) H(G) and ph(G) are invariant subspaces of T n for each n ∈ N
Proof. We assume without loss of generality v(x) ≤ 1 for all x ∈ G. The same proof of Proposition 3.1 shows that the hypothesis on the weight is equivalent to the existence of an M > 0 such that ∥C r ∥ ≤ M for each 0 < r < 1, the norm of the operators taken in L(h v (G)). For each 0 < r < 1 the operator C r (f ) = f (rz) is compact on h v (G). This can be checked observing that the image of a bounded sequence pointwise (compact open) convergent to zero is norm convergent to zero. This compactness and the fact that C r (h v (G)) ⊆ h v 0 (G) implies that for each 0 < r < 1 there exists L ⊂ G compact such that v(z)|C r (f )(z)| < ε for each for all z ∈ G \ L and for all f ∈ b v . The standard compactness argument necessary to prove this is the same used in [22, Lemma 2.1] for the space of one variable holomorphic functions on the unit disc and a radial weight on it. Moreover, since G has a fundamental sequence of compact sets which are balanced, it follows that τ 0 − lim n C rn (f ) = f for each f ∈ h(G) and for each sequence (r n ) n ⊂]0, 1[ tending to 1. Hence the sequence (C rn ) n tends uniformly on b v to the identity for the compact open topology [21, Proposition 23.27] , since this subset is relatively compact in this topology. Let (ε n ) n be a decreasing sequence of positive numbers tending to zero. These facts above permit us to choose an increasing sequence of positive numbers (r n ) n tending to 1 and a fundamental sequence (L n ) n of compact subsets of G such that sup f ∈bv,z∈Ln
For each n ∈ N we choose m(n) ∈ N satisfying (1 + M )/m(n) < ε n . We define
The construction implies that ∥T n ∥ ≤ M for each n ∈ N and (T n ) n is a sequence convergent to the identity for τ 0 . We observe
Altogether gives
which clearly implies (ii).
The next results extend the main theorems in [5, 22] to our context. 
.
The same result is true for the corresponding operator considered between the spaces of holomorphic functions.
Proof. To prove (a) we get a sequence (T n ) n of compact operators defined by Proposition 3.2. The invariance of ph(G 1 ) and T n (h v (G 1 )) ⊆ h v (G 1 ) implies that T n | phv(G 1 ) ∈ K(ph v (G 1 )) for each n ∈ N. Therefore, C φ • T n (we are denoting by T n the restriction) is also compact for each n. Thus,
On the other hand, we have that for each j ∈ N:
The first term above goes to 0 as n tends to ∞ because w is bounded, b p v is τ 0 -compact and T n − I is τ 0 convergent to 0 [21, Proposition 23.27] . For the second we have the estimate
∥I − T n ∥.
Hence we conclude taking limit when n goes to infinity and from the fact that the inequality is valid for each j ∈ N.
To show (b) we assume that there is c > 0 and a sequence (z j ) j such that φ(z j ) ∈ G 1 \ K j and such that
Since C r (f ) → f pointwise as r → 1 and ∥C r ∥ ≤ M by hypothesis, taking a subsequence of (z j ) j if necessary we can get a sequence ( 
where v denotes the common associated weight for the spaces of holomorphic and pluriharmonic functions.
Proof. Because of Theorem 3.3 we only have to show the lower bound of the essential norm. Let consider a compact operator K : ph v (B) → ph w (G). We show that the restriction C φ − K to H v (B) has norm not smaller than lim sup |φ(z)|→1
, concluding from this that the norm of the operator C φ − K on ph v (B) has the same lower bound.
We can find a sequence (z n ) n in G with |φ(z n )| > 1 − 1/n and
Now, taking a subsequence if necessary, we can assume that there is a in such that |a| = 1 and lim φ(z n ) = a. We apply Hahn Banach Theorem to get b ∈ C N satisfying ⟨a, b⟩ = 1 and |⟨x, b⟩| ≤ |x| for each x ∈ C N . We take a sequence (α(n)) n of natural numbers tending to ∞ such that lim n→∞ ⟨φ(z n ), b⟩ α(n) = 1.
Let (ε n ) n be a decreasing sequence of positive numbers tending to 0. From B v = B v 0 τ 0 [4, Example 2.1 (ii)], it follows that for each n ∈ N, we can find
We take h n (z) := ⟨z, b⟩ α(n) f n (z), z ∈ B. The sequence (h n ) n is in the unit ball of H v 0 (B) and converges to 0 in τ 0 . As we have H ′′ v 0 (B) = H v (B) as a consequence of [4, Corollary 1.2,Example 2.1 (ii)], Ng construction of the predual of H v (B) [23] implies that the compact open (pointwise) topology τ 0 agrees with the weak* topology on B v 0 ⊂ B v , since it is Hausdorff. Then the pointwise convergence of (h n ) n implies the weak convergence of this sequence in H v 0 (B). Therefore, since K is a compact operator, it follows lim n→∞ ∥K(h n )∥ w = 0.
Now we compute
∥C φ (h n ) − K(h n )∥ w ≥ ∥h n • φ∥ w −∥K(h n )∥ w = sup z∈G w(z) |h n (φ(z))|−∥K(h n )∥ w ≥ ≥ w(z n ) v(φ(z n )) |⟨φ(z n ), b⟩| α(n) − w(z n ) |T (φ(z n ))| α(n) ε n − ∥K(h n )∥ w
We take limit when n tends to ∞ to get the desired inequality. 
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(c) In the same situation, if we consider C φ : ph v (B) → ph w (G), then we have lim sup
(d) Zheng proved in [28] that for an inner function φ : D → D, the essential norm of the composition operator C φ : H ∞ (D) → H ∞ (D) is either 0 or 1.
In the weighted Banach spaces of holomorphic and harmonic functions the situation differs. Consider the typical weight v(z) = 1 − |z| in D and the family of symbols φ a,n (z) = z n ( z+a 1+a )
, n ∈ N, a ≥ 0. Since φ a,n (0) = 0 each φ a,n is contractive because of Schwarz lemma, we have
where the maximum is attained at z = 0. For calculating the essential norm, we observe that |φ a,n (z)| ≤ φ a,n (|z|) to compute ∥C φa,n ∥ e = lim sup |φa,n(z)|→1 v(z) v(φ a,n (z)) = lim r→1 − 1 − r 1 − φ a,n (r) = 1 + a 1 + n + an .
All the values in ]0, 1] are attained considering all a ≥ 0 and all n ∈ N.
